PURPOSE. To study whether impaired retinal autoregulation is a risk factor for glaucoma, the relationship between vascular regulatory mechanisms and glaucoma progression needs to be investigated. In this study, a vascular wall mechanics model is used to predict the relative importance of regulatory mechanisms in achieving retinal autoregulation.
G laucoma is the second leading cause of blindness worldwide 1 and is characterized by the degeneration of the optic nerve and loss of retinal ganglion cells, leading to progressive, irreversible vision loss. While elevated IOP has been identified as an important risk factor for the disease, data from the Early Manifest Glaucoma Trial and other studies suggest that factors such as disc hemorrhage, [2] [3] [4] exfoliation, low systolic perfusion pressure, thinner corneas, and a history of cardiovascular disease 2 may also contribute to the development and progression of glaucoma. Clinical observations have indicated significant correlations between impaired vascular function and glaucomatous damage, 2, [5] [6] [7] [8] [9] and imaging studies have indicated impaired ocular blood flow as an independent risk factor for glaucomatous damage and progression. [10] [11] [12] [13] [14] [15] [16] [17] However, these correlations and observations cannot determine whether hemodynamic alterations are the cause or result of optic nerve damage and retinal cell loss. As a first step in resolving this controversy, the present study aims to develop a mechanistic model of blood flow control in the retina that could later be used to assess whether impaired control of flow leads to tissue hypoxia and cell death when IOP is at control or elevated levels.
Vascular beds exhibit an intrinsic ability to maintain relatively constant blood flow despite changes in pressure while meeting the metabolic demands of the tissue. This process, known as autoregulation, is achieved by appropriate changes in arteriolar smooth muscle tone that cause vessels to dilate or constrict in response to pressure (myogenic response), 18 shear stress on the endothelial lining of vessels (shear-dependent response), [19] [20] [21] metabolite concentrations in vessels and/or tissue (metabolic or conducted response), [22] [23] [24] [25] [26] local tissue partial pressure of carbon dioxide (PCO 2 ) or pH levels (carbon dioxide response), 27 and neural stimuli 28, 29 (see details in the Supplementary Material). Autoregulation in the retina has been attributed to the combination of some of these mechanisms. In isolated bovine and porcine retinal arterioles, myogenic tone was observed to increase as intravascular pressure was increased from 10 to 60 mm Hg. 20, 30 Wall shear rate and blood viscosity were measured in human retina using retinal laser Doppler velocimetry and cone-plate viscometry, 21 and wall shear stress was found to be approximately twice as high in arterioles as in venules. 21 Conducted responses have been observed to be initiated in venules and trigger vasodilation of upstream arterioles 31, 32 in multiple tissues. Alm showed retinal arteriole vasodilation in cats in response to increased PaCO 2 . Several other metabolites, including a retinal relaxing factor, 34 may alter vascular resistance, 28 but these are not highlighted in this study since experimental evidence is limited. The inner retina is not innervated, and thus sympathetic nervous system effects are not included in this model for the retinal vascular bed.
Very few theoretical models have been developed to study hemodynamics in the retina. 35 Takahashi et al. 36 developed a mathematical model of the hemodynamic behavior in a microvascular network of the human retina that assumes a dichotomous symmetric branching vascular network. A more realistic image-based network model of a murine retinal vasculature was used to show that the distribution of the blood hematocrit in the retinal network is extremely nonuniform. 37 Neither of these models accounted for blood flow autoregulation or the effects of IOP on the system.
In the current study, we aim to combine, for the first time, a network model of retinal hemodynamics with the effect of IOP and blood flow regulation. An established vascular wall mechanics model 38 is adapted to evaluate regulatory mechanisms that have been shown experimentally 20, 21, 30, 33 to contribute to autoregulation in the retina. Terms for myogenic, shear, conducted metabolic, and carbon dioxide responses are defined in a function that dictates the tone (and diameter) of arterioles. Parameter values and functional forms for each mechanism are determined, when possible, from experimental data 20, 30, 33, 39 or estimated according to clinical observations. The model is used to simulate a situation in which autoregulation functions properly; then, various mechanisms are removed to determine the effect of impaired autoregulatory mechanisms on blood flow. These simulations are repeated for an elevated level of IOP to examine the effects of IOP on blood flow autoregulation.
METHODS

Representative Segment Model
To evaluate how myogenic, shear-dependent, metabolic, and carbon dioxide mechanisms combine to achieve blood flow autoregulation in the retina, a simplified model, known as a representative segment model (developed previously 23 ) , is used in which vessel compartments are connected in series and contain a set of identical, parallel-arranged segments that experience the same hemodynamic and metabolic conditions. The representative segment model of the retina presented in this study is used to evaluate flow downstream of the central retinal artery (CRA) through five representative segments: large arterioles (LA; the four vessels that branch from the CRA), small arterioles (SA), capillaries (C), small venules (SV), and large venules (LV; the four vessels that drain into the central retinal vein). Figure 1 provides a schematic of the vessel network used in this study. The pathway is assumed to be symmetric with respect to vessel length (L) and number (n) in corresponding arteriolar and venous compartments; flow resistance (R) is calculated according to Poiseuille's Law:
where l is the blood viscosity and D is the vessel diameter. The vessels primarily responsible for regulating blood flow are resistance vessels with diameters smaller than 150 lm. Therefore, the large and small arterioles are assumed to be vasoactive and the remaining compartments are considered to be fixed resistances. Flow (Q) and the change in pressure (DP) are related by:
Ocular Perfusion Pressure
The model is used to predict blood flow along the defined vascular pathway as the incoming arterial pressure to the network, denoted by P a , is varied. Ocular perfusion pressure (OPP) is defined as the difference between ocular arterial pressure and IOP 40 and is approximated by:
where MAP is the mean arterial pressure in the brachial artery and is approximately 90 mm Hg under normal conditions. Since the first term of Equation 3 approximates the average blood pressure entering the ophthalmic artery, we define a separate quantity for the OPP of the retina, OPP ret , that corresponds to perfusion pressure of the retinal vascular network:
Under normal conditions, P a ¼ 40 mm Hg, which is the approximate pressure of blood exiting the CRA calculated previously by Carichino et al. 41 Their calculation accounted for the compression exerted by the lamina cribrosa on the CRA due to IOP, retrolaminar tissue pressure, and scleral tension. Takahashi et al. 36 used a nearly equal value (38.9 mm Hg) for this pressure, which they estimated by considering the hydrostatic and frictional pressure losses from the aorta to the CRA. Since the intraocular veins experience a significant compressing force due to IOP, the pressure in the veins just before exiting the eye must equal or exceed the IOP, otherwise they will collapse. 42 Therefore, the venous pressure at the downstream end of the vascular network is assumed to be equal to IOP. As evident from Equation 4, OPP ret can be altered by variations in P a or IOP. Such variations correspond to changes in OPP that occur each day due to stress-or exerciseinduced elevations in MAP, nocturnal reductions in arterial pressure, and diurnal variations in IOP. 43 In this study, P a will be increased from 16 to 64 mm Hg while IOP is held constant at a control (15 mm Hg) or elevated (25 mm Hg) 44, 45 level.
Arteriolar Diameter and Activation
A mechanical model of resistance vessel walls is used to assess changes in vessel diameter and vascular smooth muscle tone as P a and/or IOP is varied. Total circumferential wall tension, T total , generated in the resistance vessels (large and small arterioles) is described by a previously developed model 23, 38 :
where A is vascular smooth muscle tone (activation):
In Equation 5, passive tension, T passive , represents the wall tension generated by the structural components of the vessel wall, and T max active is the maximum degree of active wall tension that can be generated in response to maximal constriction of the vascular smooth muscle cells (see the Supplementary Material for details). Parameters for the passive and maximally active tension functions are fit in a least squares sense to data from autoregulation studies in retina 30 and brain 39 and are listed in Table 1 . The product of activation, which is assumed to be a value between 0 and 1, and T max active defines the active tension generated by the smooth muscle in the vessel wall. The smooth muscle activation defined in Equation 6 depends on a stimulus function, S tone , which dictates changes in smooth muscle tone according to a linear combination of regulatory mechanisms:
This function is adapted from References 23 and 38 and includes the action by myogenic (term 1), shear dependent (term 2), conducted metabolic (term 3), and local carbon dioxide responses (term 4). Although not in the previous models, a carbon dioxide mechanism is explicitly included here because tissue levels of PCO 2 and pH have been shown to be significant factors in retinal and brain autoregulation. 26, 27, 46, 47 
Model Calculations for Components of S tone
In Equation 7 , the values for wall tension (T), wall shear stress (s), the conducted response signal (S CR ), and the carbon dioxide signal (S CO2 ) are calculated using the model, and the coefficients C myo , C shear , C meta , C CO2 and C'' tone are fit to experimental data 39, 48 when possible. Vessel wall tension is approximated using the law of Laplace:
where DP is the transmural pressure across the vessel wall. Wall shear stress is proportional to flow and, according to Poiseuille's Law, is given by:
S CR is a red blood cell-derived conducted response signal that is initiated by the release of ATP at the downstream end of the small venule according to the saturation of the red blood cell; the signal is transmitted upstream to alter the arteriolar smooth muscle tone (see the Supplementary Material for more details).
The inclusion of a carbon dioxide response mechanism is a new feature of the model. The precise mechanism by which arterioles dilate in response to lowered tissue PCO 2 is unknown, but empirical studies have shown that carbon dioxide concentrations directly alter the local tissue pH, which in turn affects the vasoconstriction of blood vessels. In this study, the carbon dioxide signal, S CO2 , is calculated based on the PCO 2 in the tissue (details are provided in the Supplementary Material).
Model Parameter Estimation
In Equation 7, C myo , C shear , C meta , and C CO2 are weights that define the relative contributions of each mechanism to vascular tone; the positive or negative sign preceding each term corresponds to the increase or decrease in tone generated by each mechanism. C'' tone represents a combination of other factors, such as the retinal relaxation factor, that influences vascular tone. 34 C myo is fit to data from Jeppesen et al., 30 C shear is taken directly from an autoregulation model for skeletal muscle, 38 C CO2 is fit to data from Wei et al., 39 and a range of values for C meta was considered since there is currently not enough experimental data to quantify this parameter. For the simulations presented in this study, a single value of C meta was chosen from the range of values and is listed in Table 1 with the other parameters.
Figures 2A, 2B show the fit of the model to passive diameter data for small and large arterioles, respectively, in porcine retinal tissue. 30 The fit is obtained in a least squares sense assuming activation is zero (i.e., only passive dilation is permitted) and is used to estimate the parameters in Equation 7 . Arteriolar diameter data for varied pressure values in cat brain is given at normal and elevated levels of CO 2 . 39 These data are used to obtain parameters for the maximally active tension function (in Equation 13 of the Supplementary Material) as well as C myo and C CO2 in the T passive function (see Supplementary Material). In a study by Wei et al., 39 the diameter data is provided only as a percent C pass and C' pass , passive tension strength and sensitivity, respectively; C act , C' act , C'' act , maximally active vascular smooth muscle peak tension, length dependence, and tension range, respectively; D 0 , passive reference vessel diameter. change in diameter, and thus these percentages are applied to both small and large arterioles in the present model. Parameter fits to these data are shown in Figures 2C, 2D .
Determination of Steady State Diameter and Activation
As incoming arterial pressure (P a ) is varied, arterioles show a rapid passive change in diameter followed by an active smooth muscle contraction or dilation to a new equilibrium diameter. As in a previous study, 23 this behavior is represented by a system of ordinary differential equations for D i and A i (i ¼ LA, SA): 
Elevation in IOP
Changes in IOP affect both the transmural pressure across the vessel wall and the final venous pressure in the network, and thus a large emphasis of this study is placed on assessing how changes in IOP affect system dynamics and the generation of autoregulation. A change in IOP alters the diameter, flow, shear stress, and pressure drop in each compartment. The details of the effects of IOP on the calculation of diameter, flow, shear stress, and pressure drop are described in the Supplementary Material. 
RESULTS
Model Validation
The model predicted values of blood velocity along the vascular network in the control state are compared with measured data [50] [51] [52] in Figure 3A . Velocity measures 50 were given for multiple vessel diameters, allowing for comparison with calculated velocity values in each vessel compartment of the model. The data from Riva et al. 50 were not used for any parameter estimation in this model. Several studies have also reported blood flow values measured in a few large arterioles or veins. 44, [50] [51] [52] [53] [54] These measurements are shown in Figure 3B and are compared with the model predictions to provide additional validation of the model. Data from population-based studies 55 include measures of the retinal arteriole-to-venous ratio (AVR), which is the ratio of the caliber of arterioles to venules. Vessel diameters were obtained by the model in the control state independently of this ratio data. The model predicted average value of AVR ¼ 0.72 6 0.05 is consistent with the measured value of AVR ¼ 0.78 6 0.10 in the human retina, 55 thereby providing additional evidence of the consistency of the model with measured data. Figure 4 shows the changes in oxygen saturation and blood content of carbon dioxide with distance along the vascular pathway for three levels of P a : 32, 40, and 64 mm Hg. Oxygen consumption is assumed constant at 1 cm 3 O 2 /100 cm 3 /min. The greatest drop in oxygen saturation (Fig. 4A ) is predicted to occur across the capillaries. Saturation remains constant in the small and large venules since oxygen exchange by these segments is neglected. In Figure 4B , carbon dioxide is predicted to increase with distance along the vascular network since the metabolic rate of CO 2 is proportional to that of oxygen by a negative factor. 56 Figure 5A shows the model predictions of normalized blood flow (normalized with respect to flow at P a ¼ 40 mm Hg) as a function of incoming arterial pressure, P a , with various autoregulation mechanisms assumed to be active or inactive. P a is varied between 16 and 64 mm Hg and IOP is held constant at a control level of IOP ¼ 15 mm Hg. Removing or adding mechanisms from the model allows for a theoretical assessment of impaired or ineffective mechanisms on blood flow autoregulation. To quantify this impairment, the factor by which flow changes as P a is varied between 28 and 40 mm Hg is used to indicate the degree of autoregulation and is denoted AR f . In particular, the factor is given by:
Investigation of Autoregulation Mechanisms
where Q 40 is the flow when P a ¼ 40 mm Hg and Q 28 is the flow when P a ¼ 28 mm Hg. This approximate 40% increase in blood pressure is used since previous reports have stated that autoregulation was effective up to a 40% rise in blood pressure. 44 A factor of AR f ¼ 1 indicates perfect autoregulation. The dashed black line in Figure 5A gives the predicted passive increase in flow with pressure when no mechanisms are active. In the presence of only the myogenic response mechanism (red curve), the model predicts a poor degree of autoregulation (AR f ¼ 2.06). Including the shear response (green curve) does not improve the predicted autoregulation of blood flow (AR f ¼ 2.15). A local carbon dioxide response combined with the myogenic and shear responses (black curve) yields improved autoregulation (AR f ¼ 1.24), and the addition of the conducted metabolic response provides the best degree of autoregulation (AR f ¼ 1.10). Table 3 provides additional combinations of the response mechanisms in order to illustrate which mechanisms are predicted to be most important in obtaining constant blood flow over a range of arterial pressures. Figures 5B, 5C show the diameter constriction necessary in the LA and SA compartments to achieve autoregulation.
Effect of IOP on Autoregulation
Assuming that all four regulatory mechanisms are functioning, the model is compared with clinical data 44, [57] [58] [59] and is used to evaluate the effect of increased IOP on blood flow autoregulation (Fig. 6) . In Figure 6A , clinical measures from healthy subjects or from glaucoma patients whose autoregulation was reported to be normal are plotted along with the modelpredicted autoregulation curve for a control level of IOP. The model predicts very small changes in flows over the observed pressure differences. Most of the data points fall at or around the model predicted curve. One of the included data sets 58 (diamonds in Fig. 6A ), however, is from glaucoma patients who have not been treated with Brimonidine and therefore exhibit a limited ability to autoregulate while reclining. This data set was included to provide some preliminary evidence that the model correctly reflects the boundary of the autoregulation range. As shown in Figure 6B , the autoregulation curve for a control level of IOP ¼ 15 mm Hg (blue curve) is predicted to shift rightward if IOP is elevated to 25 mm Hg (red curve). The length of the autoregulation range (i.e., pressures for which the autoregulation curve remains nearly flat) is conserved despite increases in IOP (see Fig. 6C ); however, autoregulation fails to operate over its expected pressure range when IOP is elevated. In particular, the autoregulation factor of AR f ¼ 1.10 for normal IOP increases to AR f ¼ 4.65 for elevated IOP as P a increases from 28 to 40 mm Hg.
DISCUSSION
Elevated IOP has been established as a major risk factor for the development and progression of glaucoma and is currently the only treatable risk factor for the disease. However, several observations, including the progression of glaucomatous damage even when IOP is lowered to within target levels and the role of racial variations in the incidence of glaucoma, suggest that other factors also play a critical role in the development of this disease. 60 The contribution of impaired blood flow autoregulation to blood flow insufficiency has been proposed as an additional risk factor for glaucoma. 60 The goal of the current study was to assess the regulatory mechanisms that contribute to autoregulation in the retina and to simulate conditions under which autoregulation may become impaired. This model provides an initial step in the ultimate goal of elucidating how impaired autoregulation may be related to the retinal ganglion cell death characteristic of glaucoma.
Model Validation
Given the simplifying assumptions of any theoretical model, it is necessary to compare model predictions with clinical or experimental data to verify model performance and to provide confidence that the model predictions can provide valuable insight into diseases such as glaucoma. Figure 6A compares clinical data to a model predicted autoregulation curve, and Figure 3 provides evidence that the model predicted velocities and flows lie in the same range as clinically measured quantities. In Figure 3B , there are a few slight discrepancies among the clinical data. For example, both Feke et al. 53 and Riva et al. 50 provide measures of average retinal blood flow in humans using laser Doppler techniques, although their measures of total arterial and venous flow rates vary by over a factor of 2 in some cases. Feke et al. 53 showed that flow indeed varied with the fourth power of diameter (i.e., consistent with Poiseuille's Law), whereas Riva et al. 50 reported a power of approximately 2.8. Differences in their respective experimental methodologies may explain these discrepancies. Moreover, Riva et al. 50 included flow measurements for vessels with diameters significantly smaller than those measured by Feke et al. 53 , and in smaller vessels, DP/DL may depend on vessel diameter.
None of the clinical measures shown in Figure 3 were used to estimate any of the model parameters; these measures were used solely for comparison purposes. Given the simplified geometry of the model presented here (i.e., the representative segment model), the general consistency of flow and velocity predicted by the model (depicted in Fig. 3 ) with flow and velocity measures from several studies 44, 50, 53, 54 provides evidence that the model assumptions and mechanisms are accurate and appropriate.
Investigation of Autoregulation Mechanisms
Retinal blood flow autoregulation is achieved by altering the tone of arteriolar smooth muscle cells according to myogenic, shear-dependent, metabolic, and carbon dioxide mechanisms. Anderson 61 hypothesized that tissue ischemia occurs either because the capacity for autoregulation is exceeded or the mechanisms of autoregulation are defective. The model developed in this study can be used to test such hypotheses. The purpose of autoregulation is to maintain blood flow despite a significant change in pressure (e.g., if MAP is low or IOP is high). This model predicts that autoregulation is severely compromised if the metabolic or carbon dioxide mechanisms are not functioning properly (Fig. 5) .
The model also predicts that the myogenic response does not contribute significantly to autoregulation in the retina. It is important to note that the myogenic response is highly nonlinear with respect to vessel diameter and that the myogenic response may not be very effective in this pressure regime because wall tensions are too low. Understanding under what conditions the myogenic mechanism may become more or less responsive could help in continuing to elucidate the most important mechanisms for autoregulation.
Effect of IOP on Autoregulation
IOP creates a challenge to retinal blood flow by raising the venous pressure at the downstream end of the retinal vasculature, which corresponds to a decreased perfusion pressure through the retinal vasculature. 61 As IOP rises, venous pressure also rises in order to keep the veins distended. This is mostly due to the constriction of central retinal vessels by the IOP-induced deformation of the lamina cribrosa. 41 Importantly, since IOP is normally higher than extraocular venous pressure, perfusion pressure in the eye (even with normal IOP) is already less than in other tissues and becomes even further diminished if IOP is elevated. 61 The model predicts that autoregulation fails to operate over its expected pressure range if IOP is increased, indicating that autoregulation is impaired at low perfusion pressure. This result provides a potential explanation for why impaired autoregulation is hypothesized to be a contributing factor to glaucoma progression. 43 An important goal of these simulations is to determine the maximum value of IOP and minimum value of ocular perfusion pressure at which autoregulation is efficient. 62 Kiel and van Heuven 63 showed that choroidal autoregulation was most effective when MAP was varied and IOP was not controlled. Thus, the effects of MAP and IOP alterations on retinal autoregulation should be investigated using both theoretical and clinical approaches. To complicate matters, the exact level of IOP that can be tolerated may differ among patients. 61 Moreover, glaucoma is known to occur despite IOP being at control values. In fact, studies in multiple populations indicate that certain healthy individuals possess a very narrow pressure autoregulatory plateau, potentially making these patients more susceptible to retinal ischemia and disease. 43 As demonstrated by the model, even if IOP is at a control level, defective mechanisms can significantly impair autoregulation.
Limitations of the Present Model
The present model involves some simplifications. The four mechanisms included in this model do not represent all known mechanisms of autoregulation in the retina. The model is also limited by the amount of available experimental and clinical data on the role of shear responses and conducted metabolic responses in the retina and on the responses of vessels to different mechanisms in different-sized vessels. Thus, some model parameters cannot be determined and instead are estimated or varied. Currently, the model is simulated using a compartmental approach in which vessels are assumed to be identical in each compartment; model extensions will allow for a heterogeneous network to account for the actual spatial distribution of vessels. The present model considers the entire venous side as a fixed resistance. However, venous diameters may be influenced by metabolic, endothelial, and pressure changes, and thus a similar combined active and passive component governing the changes in arteriolar diameters should be applied to venular diameters. Finally, the model predictions are found at steady state; expanding the model to investigate time-dependent mechanisms and time-dependent changes in pressure will provide insight into the effects of systolic and diastolic pressures on flow autoregulation in the retina.
CONCLUSIONS
The theoretical model presented in this study provides a framework that can be extended or altered to incorporate additional mechanisms of autoregulation. For example, capillaries, which are normally assumed to be passive resistors, may contribute to the regulation of flow in the retina due to the contraction or dilation of pericytes, which are cells surrounding the capillary that function similarly to vascular smooth muscle cells. 64 Pericytes are more abundant in the retina than most tissues in the body and have been shown to respond to increased levels of lactate production in the retina. 25 The model could be used to assess the effects of this mechanism by allowing the capillary compartment to be vasoactive.
Perfusion instability may also play a role in glaucoma development. It is well-known that circadian rhythms are important for maintaining homeostasis in the body; it would be interesting to adapt the current theoretical model to evaluate the effects of circadian rhythms on systemic blood pressure, ocular perfusion pressure, and ocular blood flow. 65 It is hypothesized that abnormal vascular reactions to a reduction in pressure or increase in IOP during nonwaking hours may contribute to perfusion instability and thus the progression of glaucoma.
The current model shows that the metabolic and carbon dioxide responses are critical for autoregulation. The ability to autoregulate is reduced by 13% if the conducted metabolic response is impaired and is reduced by 95% if both the metabolic and carbon dioxide responses are impaired. The model also predicts that autoregulation is impaired at decreased perfusion pressures due to elevated IOP; in particular, the lower limit of the pressure range of autoregulation is increased by approximately 42% when IOP is increased from 15 to 25 mm Hg, providing evidence for why impaired autoregulation is hypothesized to be a contributing factor to OAG progression. Ultimately, isolating and quantifying the relevance of regulatory mechanisms and IOP on blood flow autoregulation using theoretical modeling can provide important insight that may not be obtained from clinical studies in which isolating mechanisms and behaviors is nearly impossible.
